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Abstract. We introduce a new integrable system hierarchy which is a 
restriction of the AKNS nxn hierarchy coming from an unusual splitting 
of the loop algebra. This splitting comes from an automorphism of 
the loop algebra instead of an automorphism of SL(n,C). It is known 
that the 2x2 KdV is the standard KdV hierarchy. We construct a 
gauge equivalence of this nxn KdV hierarchy with the Gelfand-Dickey 
hierarchy. We show that the tau function of Wilson has many of the 
same properties of the usual tau function. 

Introduction 

While an exact definition of an integrable system is illusive, mathemati- 
cians generally agree that the hallmarks of the the theory are an infinite 
number of commuting flows, formal direct and inverse scattering theory, 
symplectic structures and Backlund transformations. More recently, because 
of the connections with quantum cohomology, one might add tau functions 
and actions of Virasoro algebra. From our viewpoint we take the basic model 
formulated by Ablowitz, Kaul, Newell and Segur (AKNS), the nxn model 
generalizing the 2x2 non-linear Schroedinger hierarchy, as the basic con- 
struction. The various ingredients in this model are fairly well-known, and 
a definition of a tau function we use is due to Wilson. 

There are a number of possible restrictions of this theory in which the 
general hierarchies described by AKNS restrict to more specialized hierar- 
chies. These include the Kuperschmidt- Wilson flows and the modified KdV 
hierarchy defined by Drinfeld and Sokolov. There are also several models 
in which matrices are replaced by more specialized Lie Algebras, and the 
formalism carries over. However, this same formalism does not carry over 
directly to the Gelfand-Dickey (GD) hierarchies. 

In this paper we construct a Lie subalgebra of the algebra of power series 
with values in SL(n,C) and a splitting to construct an apparently new hier- 
archy, which we call the nxn KdV hierarchy. The Kuperschmidt- Wilson 
and mKdV flows turn out to be equivalent; likewise under a gauge trans- 
formation these nxn flows are equivalent in the sense of Drinfeld- Sokolov 
to the GD hierarchy. The advantage is that the same recipe for scattering, 
inverse scattering, Backlund transformations, symplectic structures and tau 
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functions holds for AKNS and n x n KdV. Wilson's tau function generates 
the n - 1 variables. 

In a later paper we show that the Virasoro algebra which arises natu- 
rally as a symmetry of the formal scattering data of AKNS, is the Virasoro 
symmetry of GD flows. 

The plan of the paper is as follows: Section 1 reviews a general con- 
struction of a hierarchy of commuting flows from a Lie algebra splitting and 
factorization in the big cell. We also describe the basic examples of the the- 
ory, which include the AKNS hierarchy, the Kuperschmidt- Wilson hierarchy, 
and the n x n mKdV hierarchy. In section 2 we give the restriction which is 
used to obtain the n x n KdV and prove that the splitting is consistent with 
the restriction. In section 3 we show the equivalence with the GD flows. In 
section 4 we review Wilson's constructions of a fi function on the big cell 
of the loop group via the central extension and apply it to construct tau 
functions for n x n KdV flows. This construction is similar in spirit to the 
construction of Segal and Wilson using determinant bundles (which give a 
central extension for groups given by operators in a Hilbert space). We also 
prove in this section that the n-1 dependent variables in the nxn KdV flows 
are computable from the second derivatives of ln(r). 

1. A GENERAL METHOD OF CONSTRUCTING SOLITON HIERARCHY 

We review the method that generates a hierarchy of commuting flows 
from a splitting of a Lie algebra. 

Definition 1.1. Let L be a formal Lie group, C its Lie algebra, and L± 
subgroups of L with Lie subalgebra C±. The pair (£+,£_) is called a 
splitting of C if 

(1) £+ DC- = 0, 

(2) C = C + + as linear subspaces, 

(3) the multiplication maps L + x L_ — > L and L_ x L + — > L defined by 
(/+,/_) i— > /+/_ and (/_,/+) i— > /_/+ are one to one and the images 
are open and dense. We call the open set O = (L + L_) n (L_L + ) 
the big cell of L. 

Definition 1.2. A sequence J = {Jj | i > 1, integer} in C + is called a 
vacuum sequence of the splitting (£+,£_) if 

(1) [Jj, Jj] = for all i,j and J generates a maximal abelian subalgebra 
of £+, 

(2) the Jj's are linearly independent in C + , 

(3) Jj lies in the subalgebra generated by J\ in the universal enveloping 
algebra. 

Let 7r± denote the projection of C to C± with respect to the sum C = 
C + + Set Y to be the subspace 

Y = ir + ([J 1 ,C-]). 
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In the examples we give £ is a subalgebra of the algebra of loops in gl(n), and 
Ji = aX + b and 7r + ([j7i, £-]) = [a, C-i], where C-\ = {£ G fl'Z( n ) I £^ S 
£_}. Assume further that given n € C°°(]R, Y), there is a unique M G L_ 
such that 

M(a x - J^M- 1 = <9 X -(Ji+n). 

Such M is usually called a Baker function or feare u>ai>e function of c^ — (Ji + 
n), and / = M(0) G L_ the scattering data for the operator <9 X — ( J\ + n). 
Then there is a standard method of generating a hierarchy of commuting 
flows on C°°(R, Y). The j-th flow associated to (£+,£_) and the vacuum 
sequence J is defined by the Lax pair, 

[Q x -(J 1 + U ), 8 tj - 7T+ (MJ 3 M~ l )\ = 0, 

i.e., 

^ = [d x - (Ji + «), tt+CMJj-M- 1 )]. 

So if u is a solution of the j-th flow, then there is a unique solution E(x, tj) 
such that 

' d x E=(J 1 +u)E, 
< d tj E = ir+(MJjM~ l )E, 
£(0,0)=! 

We call E the frame of the solution u. 

Note that it = is a solution (called the vacuum solution), and its frame 
is V(x,tj) = exp(Jix + Jjtj) (called the vacuum frame). 

Formal inverse scattering 

By condition (3) of the splitting, given g in the big cell O of L, g can be 
factored uniquely as g = f+fZ 1 = gZ 1 g+ with f± G L± and g± G L±. We 
can use this factorization to construct a local solution of the flows for each 
/GL_. 

Given / G L_, we factor ^(x^)/- 1 = M _1 (a;, t)E(x, t) with M(x,t) G 
L_ and E(x,t) G L + , where V(x,<) is the vacuum frame of the j-th flow. 
Then 

u f = K + {M.hM- 1 ) - J x (1.1) 

is a solution of the j-th flow, E is the frame of Uf, and / = M(0, 0). 

We call the above construction of solution Uf from / the formal inverse 
scattering. This formal inverse scattering solves the Cauchy problem for all 
flows as follows: Given an initial data no : M. — > Y, assume that there is 
a bare wave function Mq for d x — (J + Uq). The scattering data of no is 
/ = Mo(0). Then n = uj is a solution of the j-th flow such that Uf(x,0) = 

U (x). 
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Let oi,..., a n -i be a basis of the space of diagonal matrices in sl(n, C) 
such that a\ has distinct eigenvalues. Let L(SL(n)) denote the group of 
smooth loops / : S 1 — > SL(n, C), L + (SL{n)) the subgroup of / G L(SL(n)) 
that can be extended holomorphically to |A| < 1, and L_(SL(n)) the sub- 
group of / € L(SL(n)) that can be extended holomorphically to oo = |A| > 1 
and /(oo) = I. The corresponding Lie algebras are 

C(sl(n)) = {A(X) =J2 A i z * I A i G sl{n,C)}, 

i 

C+(sl(n)) = {Ae £{sl(n)) \ A(X) = ^A j \ j }, 

j>o 

C-{sl(n)) = {Ae £{sl(n)) \ A(X) = ^A j \ ] }. 

j<0 

The Birkhoff Factorization Theorem states that the multiplication map 
L + (SL(n)) x L_(SX(ra)) — > L(SL(n)) is one to one and its image is an 
open and dense subset of L(SL(n)). Similar result holds for the multiplica- 
tion map L_(5L(n)) x L + {SL{n)) -» L{SL{n)). So (£ + (sZ(n)), C-(sl(n))) 
is a splitting of C(sl(n)). The countable set 

J = { ai \ j | 1 <i<n-l,j > 1} 

is a vacuum sequence of this splitting with J\ = a\z. Then 

Y = 7T + ([aiA, £-]) = {u = (uij) S sl(n,C) \ u„ = 0, V 1 < i < n}. 

The hierarchy of flows constructed from this splitting and J is the n x n 
AKNS flows. Given / € L_(s/(n)), the solution uj given by (jl.ip is 

u/ = [M_i,ai], 

where M_i is the coefficient of A -1 of M. 

Example 1.4. The n-wave (or SU(n)) hierarchy [11] 

Let C{sl{n)) and £-t(s/(n)) be as in the n x n AKNS flows, and a the 
involution of sl(n, C) defined by cr(£) = — = — £ . Let cj be the involution 
on C{sl{n)) defined by 

tj{A){\) = -a{A(\)) = -(A(\)y. 

Let C denote the fixed point set of a, i.e., A € C if and only if ^4(A) = 
-(A{\))* . Set £± = C n £±(sZ(n)). Then (£+, £_) is a splitting of C. Let 
ai, . . . , a„_i be linearly independent diagonal matrices in su(n) such that a\ 
has distinct eigenvalues. Set J\ = a\X, and J = {ai\ J \1 <i < n—l,j > 1}. 
Then J is a vacuum sequence in £ + and 

y = 7r + ([aiA, £_]) = {n = (uij) € su(n) \ ua = for all 1 < i < n}. 

The hierarchy of flows constructed from this splitting and J are flows on 
C°°(1R, Y). The flow generated by o^A is the n-wave equation. When n = 2, 
the flow generated by a\X 2 is the NLS. 



THE n x n KDV FLOWS 



5 



There are many more restrictions of the n x n AKNS flows one can con- 
struct to generate interesting hierarchies cf. [7]. 

Example 1.5. The Kupershmidt- Wilson (KW) flows [5] 

Let C be the permutation matrix e2\ + e^2 + - • -+&n,n-l+ e ln, and L{sl{n)) 
and L±(sl(n)) as in the n x n AKNS flows. Let a be the automorphism of 
C(sl{n)) defined by 

a{A){\) = C- 1 A(a- 1 X)C. 
Let £ be the fixed point set of a. In other words, A £ £ if and only if 

C- 1 ^(«- 1 A)C = A{\). 
Let £± = £ n C±(sl(n)), and 

a = diag(l, a, a 2 , ... , a n_1 ), Ji = J = a\, where a = e 2m / n . 

Then (£+, £-) is a splitting of £ and ,y = {J 1 | i > 1 integer} is a vacuum 
sequence in £ + . The space 

rt-l 

F = ir + ([a\, £_]) = {J^ UiC* | ^ € C} 

is of dimension n — 1. The flows given by this splitting and vacuum sequence 
are the KW flows. When n = 2, this gives exactly the hierarchy of mKdV 

So the KW hierarchy is a natural n x n generalization of the standard com- 
plex mKdV hierarchy. 

Example 1.6. The n x n mKdV flows (Drinfeld-Sokolov [3]) 

Let £ = C(sl(n)), and 

£+ = {A{z) = Aiz 1 + A | A G B+}, 

i>0 

£_ = {A(z) = S £ j A i z i + A | A £ A/"-}. 

«<o 

Here ^ + is the subalgebra of upper triangular matrices in sl(n,C) and N- 
is the subalgebra of strictly lower triangular matrices in sl(n,C). Let J = 
e n \z + b, where 

b = e i2 + e 2 3 H h e n _i jn . 

Then (£+, £_) is a splitting of £(s/(n)), and J7" = {J- 7 | j > 1, integer} C £+ 
is a vacuum sequence. The space 

n 

Y = 7r + ([J,£_]) = {diag(ui, ...,«„) | Uj G C, = 0}. 

i=i 
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Since J is regular in the loop algebra, there is a bare wave functions for 
d x — (J + u) with u : E — > y. To see this, we use z = X n and construct 
an equivalent splitting in A loops for the n x n mKdV. First note that J is 
conjugate to pX as follows: 

z = \ n , J = e nl X n + b = £>(A) _1 pA£>(A). 

Here 

D(A) = diag(A n " 1 , X n ~ 2 , . . . , 1), p = e 12 + e 23 + . • • + e n _i, n + e nl , 
(p is the permutation matrix (12 • • • n)). Set 

z = X n . 

We use the isomorphism Ad(D(A)) and z = X n to construct an equivalent 
splitting as follows: Let 

£(A) = {D{X)B{X n )D{X)- 1 | B e C(sl(n))}, 

£±(A) = {D{X)B(X n )D(X)- 1 | 5 G £±}. 

In other words, £(A) is the subalgebra of A(A) = Ylj AjX J that satisfies the 
following reality condition 

D(X)- 1 A(X)D(X) = D(aXy 1 A(aX)D(aX), 

where a = e 2ni / n . Thus A G £±(A) if and only if D(X)- 1 A(X)D(X) is a 
power series in A™ and the constant term is in B + and in N- respectively. 
Then (£+(A), >C_(A)) is a splitting of £(A), {J* | J = pA, i > 1} is a vacuum 
sequence in C + , and 

n 

y = 7T+([Ji,£_]) = {^n iejj | J^Uj = 0}. 

j'=i j 

Since p is regular, — ( J + u) has a bare wave function M and the general 
method of constructing soliton hierarchy works. This gives the nxn mKdV 
hierarchy. For example, for n = 2 we have u = diag(g, — q), and 

MJM- 1 = J + J2Q i X i 

i<0 

has the form 

Q 2 i = diag(^ 2 j, -Mi), Q21+1 = 

These Q^s can be computed from the recursive formula 

d x Qi ~ [u,Qi] = \p,Qi-i], 
and the third flow is the mKdV qt = \{q X xx — Qq 2 Q x )- 

Remark 1.7. The KW- hierarchy and Drinfeld-Sokolov nxn mKdV hier- 
archy are essentially the same. To see this, we first note that: 



( B 2i+1 \ 
\C 2 i + i J ■ 
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(1) e n \X n + b has eigenvalues \,a\, . . . ,a n X A and can be diagonalized 

e nl + b = U(X)a\U(X)- 1 , 

where b = eyi + e23 + • • • + e n -\. n , a = e 2nl ^ n , and the i/-th entry of 
C/(A) is t%(A) = a (i-i)0'-i)A i - 1 '. 

(2) The ij-th entry of ^(A)" 1 is aH* -1 )^ -1 ^ - ^ -1 ). 
(3) 

fJ(aA) = f7(A)C, where C = e 2 i + e 32 + • • • + e in . (1.2) 

Let C kw = £+ w + £^ denote the splitting that gives the KW-hierarchy as 
in Example[L5j Recall that A € C kw if and only if CA{a\)C- 1 = A(X). By 
(|1.2p . we have 

?7(aA)yl(aA)[/(aA)- 1 = [/(A)CA(aA)C- 1 C/(A). 

So A € £ fcui if and only if U(aX)A{aX)U(a\)- 1 = UiX)A(X)UiX)- 1 , i.e., 
U(X)A(X)U(X)~ 1 is a power series in A™. 

Let C(z) = C+(z) + C-(z) denote the splitting that gives the Drinfeld- 
Sokolov n x n mKdV as in Example 11.61 Define the map F : C(z) — > C kw 

by 

F(5)(A) = U(Xy l B(X n )U(X). 
It follows easily from the explicit formulas for V(X) and y(A) _1 that i 7 maps 
C±(z) isomorphically to and maps e n \z + b to a A. This shows that these 
two hierarchies are isomorphic under F. 

Example 1.8. Drinfeld-Sokolov flows [3] 

The quotient flows constructed by Drinfeld-Sokolev, which are gauge 
equivalent to the Gelfand-Dickey (GD) or the KdV n flows, do not fit into 
the general scheme given in this section. For their flows, the weight of eij 
is j — i and the weight of A is n. So J = e n iA + b has weight 1, where 

b = ei2 H h e n _i jTl . Let D = d x - ( J + u) with u = Y.i>j u ij e ij- Note 

that u has weight < 0. Solve DQ = with 

Q = J + u + terms with weights < 0. 

Write Q- 7 = Qj + ij such that the weight of Qj is > and the weight of Pj 
is < 0. It can be shown that 

[d x -(J + u), d tj -Qj}=0 

gives a flow on C°°(R, B-). Moreover, 

(1) C°°(]R,iV_) acts on C°°(R,S_) by gauge action, 

(2) the space C°°(M.,V n ) is a cross section of the action, where V n = 

(3) these flows on C°°(R, B-) preserve the gauge equivalence. 

So the quotient flows on C°°(R, B-)/C°°(M, N^) induce flows on the cross 
section C°°(R, V n ), and these are the GD flows. 
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2. Construction of n x n KdV flows 

In this section we construct a new restriction of the nxn AKNS integrable 
system. The model has some similarities with the Kuperschmidt- Wilson 
nxn extension of the modified KdV, but the method of restricting to the n— 1 
variables is more complicated. First we construct a matrix which depends 
on A. When conjugated by this matrix, our variable becomes functions of X n 
rather than merely functions of A. We then show this property is preserved 
under the usual splitting into the +/- loop groups used in defining the flows 
of AKNS. Our construction is isomorphic to the usual AKNS loop group 
with an unusual splitting into +/- subgroups. Under these conditions, there 
are n-1 variables which can appear in the flows. We then use the method 
we have described in section 1 to generate the infinite sequence of flows. 
The AKNS flows enumerated by nk vanish, and the remaining flows divide 
into groups of n — 1, which is the usual way of enumerating the flows of 
Kuperschmidt- Wilson or Gelfand-Dickey. 

These flows are a new construction and at first glance may be new. But 
in the next section we prove that they are gauge equivalent to the GD 
flows. Since our flows come from a splitting, the constructions of formal 
inverse scattering, Backhand transformations, and the tau functions work in 
a straightforward fashion. 

Reality condition 

We first explain how to get the reality condition (i.e., the finite order 
automorphism) . The vacuum for the GD flow written as a first order system 
is 

D = d x -(e nl X n + b). 

By Remark 11.71 eigenvalues of e„,iA n + b are A, aX, . . . , a n_1 A, where a = 
exp(2-7ri/n), and the matrix e n iX n + b can be diagonalized: 

U(X)- 1 (e nl X n + b)U(X) = aX, (2.1) 

where 

U(X) = ((a^Xy- 1 ), a = diag(l, a,..., a n_1 ). 

Given g € SX(n, C), the Bruhat decomposition states that we can factor 
g uniquely as £pv, where t is strictly lower triangular, v upper triangular, 
and p a permutation matrix. The set of all g with p = identity is called a big 
cell, which is open and dense. We will see from the discussion below that 
the eigenmatrix U(X) is in the big cell. 

Suppose 

U(X) = 0„(A)Vn(A) 

with 4> n (X) strictly lower triangular and il>n(X) upper triangular and </> n (0) = 
I. We will use ()2.1|) to get the explicit formula for (fi n . Conjugate both sides 
of ([2Tl) by V>n to get 

4> n (X)-\e nl X n + b)4> n {X) = ^(A)aAV^(A)- 1 . (2.2) 
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Let Qk denote the set of all £ in sl(n, C) with weight k, i.e., 

Gk = {X = (xij) £ sl(n, C) | Xij = unless j — i = k}. 

Then 

[Gi,Gj] C <?i+j, C ^j+j, & = 0, if \i\ > n. 

So the LHS of $£2$) lies in ®i<iGi and the RHS of ([22]) lies in ®i> Gi- Thus 



(|2.2p lies in Go + Gi- The £/o component of the RHS of (12.21) is a A and the 
Gi component of the LHS of f)2.2f) is b. Hence we have 



0n(A)- 1 (e nl A n + b)(j> n {\) =a\ + b. (2.3) 

Let M- = J2i<o Gi (the subalgebra of strictly lower triangular matrices 
in sl(n,C)), B + = ^2 i>0 Gi, and iV_ and B + the subgroup of SL(n,C) with 
Lie algebra N- and B+ respectively. Define A/+ , £>_ , N + and B- similarly. 
We get an explicit formula for <j> n from (|2.3p : 

Theorem 2.1. If (p n (X) is a N--valued degree n — 1 polynomial satisfying 
d2j| and n (O) = I, i/ien <£ n (A) = Y%=o CfAW, w/iere a = e 2 ™/ n and 



n— 1 -, i. 

1 - cr 



Cfcefc+i fc, cifc = , Cfc 



Proof. Let ad(6) be the Lie algebra homomorphism defined by ad(6)(X) = 
[b, X]. Write </> n (A) = X^=o /i^ 3 with /o = I- We want to solve fj from 

(e nl \ n + b)MV = 0n(A)(aA + 6). 
Compare coefficients of A J to get 

|&/o = /o&, 

\bfj = fjb + fj-ia, ifl<j'<n-l. 

By assumption /q = I, so the first equation holds. The second equation, 
/i] = a ) implies that f\ = A. A direct computation gives 

aA = aAa, aA k = a k A k a. 

By induction, we get 

[b,A k ] =a k A k - 1 a. (2.4) 
Since ad (6) is injective on B-, fk = CkA k . □ 
Corollary 2.2. Let C„(A) = diag(l,A, . . . , A n_1 ). T/ien 

n (A) = C n {\)4> n (l)C n (\)- 1 . (2.5) 
Because A n = 0, we have 

Proposition 2.3. ^(A)- 1 = £™=o djUX' for some constants dj with < 
j < n — 1. 
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Definition 2.4. The n x n KdV reality condition 

Let C denote the Lie algebra of all power series B of the form 

5(A) = ^(A)- 1 I Yl A i Xnj I <^ A ) 

\j<no I 

for some integer no- So 5 € £ if and only if (j) n (X)B(X)4> n (X)~ 1 is a power 
series in X n , i.e., 

<j, n {a\)B{aX)<l>- x {aX) = n (A)5(A) ( />„(A)- 1 . (2.6) 

We call (|2.6p the n x n KdV reality condition. 

Proposition 2.5. Let C(sl(n,C)) denote the Lie algebra of power series 

A(X) = 

3<no 

Here uq is arbitrary, Aj £ sl(n,C), and a is the order n automorphism of 
C(sl(n,C)) defined by 

<r(5)(A) = <A„(A)- 1 0n(aA)5(aA)<A„(aA)~Vn(A). 

Then B G C(sl(n,C)) satisfies the n x n KdV reality condition if and only 
if B is a fixed point of a. 

Splitting of C 

Let C denote the Lie algebra of A{X) = ^2j <no AjX J with Aj € sl(n,C) 
that satisfy the n x n KdV reality condition (|2.6|) . and 

C + = {A&C\A(\) = 1 £ / A j \ j }, 

£- = {Ae£\ A(X) = J2 A 3 Xj }- 

It is clear that C± are subalgebras of C and C + D C- = {0}. The second 
part of the following Theorem is more difficult. 

Theorem 2.6. (Splitting Theorem) 

Let C and C± be defined as above. Then 

(1) C± are Lie subalgebras of C, 

(2) C = C + + C- as a direct sum of linear subspaces. 

Remark 2.7. In section 14 of [8], we asserted the validity of the Split- 
ting Theorem 12.61 and the Factorization Theorem 12.111 and used them to 
construct a hierarchy of soliton flows and Backlund transformations. Later 
we realized that the proofs of these two Theorems, given below, are in fact 
non-trivial. 
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To prove Theorem I2.6[ it suffices to prove that if A is of the form: 
A(A) = n (A)- 1 (^F,A^')0 n (A), 

j<no 

then A± € C. Here we use the following notation: 

A + = A>? and A_ = Y Ai*? if A = Yl AiXi - 

i>0 i<0 i 

Note that if A satisfies the reality condition, it is not clear at all that A± 
satisfies the reality condition. But note that for arbitrary Fj 

^n(A)- 1 (j^ FjX^ <f> n (\) € £- C C. 

So 4>~ l F-\\~ n (f) n G £. Hence to prove Theorem 12.61 it is enough to prove 
that (0- 1 F_iA" n 

n)± are in >C, i.e., they satisfies the n x n KdV reality 
condition. To prove this we need the following Lemmas. 

Lemma 2.8. A n = and A 3 ^ for all 1 < j < n — 1, i.e., i/ie minimal 
polynomial of A is x n = 0. 

Lemma 2.9. T/ie following statements are true for 1 < k < n — 1: 

(1) A fc = ^ E"=fc+i(l " ^"^(l " « J - 2 ) --(I- ^-*)e,j-fc. 

(2) Lei Tr fc ((x^)) := V ; , ,.<V Tfcen Tr_ fe (A fc ) = Tr(6 fc A fc ) = 

Proof. Since A = ^i=i T^ e k+i,k, (1) follows. 
To prove (2), we first claim that 

A n ~ h = &jfc(cfc_i ) oe n _.fc4.i ) i + Cfc_i i ie n _fc + 2,2 + ■ ■ ■ + Ck-i t k-ie n ,k), 

where Cfc_i j is the coefficient of A fe_1_l of 

(A - a- 1 )(A - a" 2 ) • • • (A - a^" 1 )) 

and 

n I — a 1 

°k = T, wZTi > " 



[l-a) n 1 a n - 1 a n - 2 ■ • ■ cr n _fc+i ' ' 1 - a 
We prove this claim by induction on A;. Since 

1 + x + • • • + j"" 1 = (x - a)(x - a 2 ) ■ ■ ■ (x - a™" 1 ), 

set x = 1 to get 11^=1 (1 ~~ a% ) = n - But 

, _ (l-a)(l- a 2)...(i- a n-i) n 
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So the claim is true for k = 1. Suppose the claim is true for k < n — 1. 

By (J23D, [6,A n - fc ]o _1 = cJ n _ fc A n -( fc+1 ). So the coefficient of e n _ fc+M+1 for 
A n~fc-i ig 

But 

(cfe-i,i - Cfc_i ): i_i)a~* 

i<ii<-<ii<fe-i 
- a _< J] (_i)i-i a -CJi+-+ii-i) 

i<ii<-<ii-i<fe-i 

= a -Cfi+-+A-i) + V a -yi+-+A-i) a -l) 

2<ji<-<ii<fc 2<ji<-<ife_ 1 <fc 

This also shows that Ofc+i = fc . Thus bk = bx/(a n -i ■ ■ ■ a n -k+i) and 

Tr n _ fc (A"- fc ) = b k (l - a~ l ) ■■■{!- a"^" 1 )) 

n(l - a -1 ) • • ■ (1 - oT^-V) n 



(1 - a)"- 1 ^-! • ■ ■ <7 n _ fc+1 (l-a) n - fc ' 

□ 

Lemma 2.10. For £ = > ^ = Sj>o^7^ J ' - ^he following state- 

ments are true: 

(1) A l 6 n_1 A J = dijei + i tn ^j for some dy / 0. 

(2) {A*6 n-1 A J ' | i > 0, j > 0, i + j < n - 1} is a basis for J\f + . 

(3) If F £ B-, then (fa 1 F\- n cf) n ) + = 0. 

(4) Lei -B : A/+ — > A/"- 6e the linear map defined by 

B(A i b n - l A j ) = A i b t A i , i,j > 0, i + j < n - 1, 

where 6* = e2i + • • • + e n)n _i is i/ie transpose of b. If F € A/+, i/ien 
(fa 1 FX~ n fa) + = —fa 1 B(F)fa lies in C, i.e., satisfies the n x n 
KdV reality condition. 

(5) If F & M + , then (f)~ l {F\~ n + B(F))fa is in £_. 

(6) If F & sl(n,C), then (fa 1 F\~ n fa) + G £. 

Proo/. 

(1) follows from Lemma [2T9l and the fact that b n ~ l = e\ n . 

(2) is a consequence of (1) because i + 1 < n—j if and only if i+j < n — 1. 

(3) Recall that n (A) = V • ( j r ; .\^V and n (A) _1 = dj-A J 'A». So 
coefficient of A fc of fa 1 F\^ n fa with fc > is 

^ cjd^FAK 

i+j=n+k 
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If F G B- and i + j > n, then the weight of A* .FA- 7 is less than — n, which 
implies that A i FA j = 0. 

(4) and (5) By induction we get 

(6 + e nl X n ) k = (b n - k Y\ n + b k . (2.7) 

Since <p n and 0" 1 commute with A* and <p n satisfies (I2.3p . 

M^^ib + e nl A n ) n - 1 A^ n (A) = A l (a\ + b^W. (2.8) 

But (aA + b) n = A™ implies that 

(i) (aA + b)- 1 = \- n (a\ + 

(ii) n (aA + b)' 1 ^- 1 = \- n (e n i\ n + ft)"" 1 , so (aA + 6)" 1 satisfies the 
n x n KdV reality condition, i.e., it is in 

(hi) It follows from p~8|) . (l2T7|) . and (i) that 

^A^b"" 1 + 6*A n )A- n A^„ = A*(aA + b^A 3 ' G £_ 
If € A/+, then by (2), there exist such that 

(hi) implies that < fc 1 ( i?A ~ n + B(F))(f> n G But ^{F)^ 1 G £+. Hence 
Statements (4) and (5) follow. 

(6) is a consequence of Statements (4) and (5). □ 

To prove (£+,£_) is a splitting of C, we need to show that condition (3) 
of the definition of a splitting holds. In other words, let L denote the group 
of / G L(SL(n,C)) such that <ft n (\)f(\)cj) n (\)~ 1 is a power series in A n , 
and L± = L n L±(SL(n, C)), we need to prove a Birkhoff type factorization 
theorem for L: 

Theorem 2.11. (Factorization Theorem) 

The multiplication map L+ x L_ L is one to one and the image is open 
and dense. Similar result holds for the multiplication map L_ x L + — > L. 

Proof. If / G L, i.e., / satisfies the nxn KdV reality condition, then there 
is g(z) such that /(A) = (f)^ 1 (\)g(\ n )(j) n (\) . By Birkhoff factorization, for 
generic g we can factor g(z) = g + {z)g^(z). Then </>~ 1 (A)o+(A n )0 n (A) lies in 
L + . But cj)~ 1 (X)g-(X n )(j) n (X) is not in L_, so we need to factor g_. 

We claim that there exist y G A/+ (strictly upper triangular), rj G B- 
(lower triangular), and r/j G sl(n) for j < — 2 such that 

g-(z) = (I + ^(y))- 1 ^ + B(y) + yz- 1 + ^ + J^V-j^), (2-9) 

i>2 

where -B : A/+ — » AT_ is the map defined in Lemma 2.9. By Lemma 2.9, 

/_ := cj>-\l + £?(y) + yX~ n + r/A"" + ]T V-^~ jn )<l>n 

i>2 
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lies in L_. Then / = /+/_ G L + L_, where 

f + = <t)- l (g + (l + B{y))- 1 )cp n G L + . 

This shows that the image of the multiplication map is open and dense. 
Since the multiplication map is the restriction of the multiplication map 
from L + (SL(n,C)) x L_(5L(n, C)) to L(SL(n,C)), it is injective. 
It remains to prove the Claim, i.e., (|2.9p . Suppose 

J>2 

To solve (|2.9p . it suffices to solve the equation given by equating the coeffi- 
cient of z' 1 of (USD, i.e., 

(l + B (y))- 1 (y + rj)=C. (2.10) 

Or equivalently, 

y + V = (I + B(y))£. 
So we need to find y such that for i > 0, 

7Ti(y) = 7Ti((I + B(y))0 = tt 4 (£ + 5(y)0, (2.11) 

where 7Tj(£) = V ; ,. , , i/.-/ /■:/ • Write 2/ = Ei+j+i<n Vij^b^A 3 . Then 
= Ei+j+Kn^i^^^- Note that K n -i{y) determines ir_i(B(y)). We 
will use induction to solve (12, lip in terms of £. Since G jV_, by (|2.11|) 
we have 7r n _i(y) = 7T n _i(£)- This solves 7r n _i(y). By (|2.11j> . 

7Tn-2(y) = VT n _ 2 (C) + 7T_l (jB(j/) )vT n _i (£) . 

But 7r_i(S(y)) is determined by 7r n _i(y), so 7r n _2(y) can be solved in terms 
of £. Suppose we have solved 7r n _j(y) for all j fc — 1. Then (|2.1ip gives 

vr„_fc(y) = vr n _ fc (£) + ^ 7r -i(- B (y)) 7r n-fc+i(6- 

But ir-j(B(y)) can be computed from n n -j(y). By the induction hypothesis, 
we can solve 7r n _&(y) in terms of £. 

Once y is found, r), ry_2, • • • can be solved easily. This proves the claim. □ 

So (£+,£_) is a splitting of C. 

Construction of flows 

We need two more Propositions before we construct the flows associated 
to the splitting C = C + + 

Proposition 2.12. The centralizer of A in sl(n,C), {C G sl(n,C) \ CA = 
AC}, is equal to C[A] = YZ=o CA * ■ 

Proposition 2.13. If u G sl(n,C), then u G C if and only if u G C[A], i.e. 
u = Ej=i UjA J f or some u j G C. 
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Proof. By assumption, (f) n {X)u([) n {X)~ l is a polynomial in \ n . But it has 
degree at most 2n — 2 in A. So ^> ri (A)M<^ ri (A) _1 = u + CA n , i.e., 4> n {X)u = 
(u + CA n )(5!> n (A). Compare the coefficient of A™ and A to conclude that C = 
and Au = uA. By Proposition EJ21 it G C[A]. But tr(u) = and A n = 0, 

so u = Y^=i f° r some u i s - n 



Below is the scattering of the linear operator d x — (aX + b + u). 

Theorem 2.14. Let u = Ylj=i • ^ ~^ with Uj 's decaying at ±oo. 
Then there exists a unique M(x, A) such that M(x, ■) satisfies the nxn KdV 
reality condition, lirn^-oo M(x, A) = I, and 

M(d x - (aX + 6))M -1 = d x -(aX + b + u). (2.12) 

Proof. M satisfies (|2.12p means 

J {d x M)M~ 1 + M(aX + b)M- 1 = aX + b + u, 
] lim^^.oo M(x, A) = I. 



(2.13) 



So M can be solved. Such solution is unique is standard (cf. |2j). This is 
referred in the literature as the Baker function or the bare wave function of 
the operator d x — (aX + b + u). □ 

Corollary 2.15. If u has compact support, then the bare wave function 
M(x, A) is holomorphic at X = oo. 

Note that formula for M involves solving an ordinary differential equation. 
To obtain differential operator we pass to the Q's. Set 

M(aX + by M~ l = QjA { - 

Proposition 2.16. Let u,M be as in Theorem \2.14\ and ir± : C — > C± the 

projections of C onto C+ and C- with respect to C = C+ + £_ respectively. 
Then 

(1) vr+(M(aA + 6)M" 1 ) = aX + b + u, 

(2) {d x M)M~ l = -7r_(M(aA + 6)M~ 1 ), 

(3) [d x -(aX + b + u), M(aX + b^'M" 1 ] = 0, 

(4) the j-th flow is 

^7 = Wi,o) ~[b + u, Q jfi ] = [a, Qj,_i], (2.14) 

(5) Qi.i is a polynomial differential operator for u for i < 0, Qi t o = b+u, 
and Qji 's can be computed from Qik 's, 

(6) Q nk+ i = Q>X nk , Qnk+j,i+nk = Qj,i for0<j < n - 1 andi<j. 

Proof. ([2"7T2"|) implies that 

(d x M)M~ l + M(aX + &)M _1 = aA + & + u. (2.15) 
Since (d x M)M- 1 G (1) and (2) follow from ([2TT5D and Theorem [ 
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To prove (3), let Q = M(aX + 6)M~ X , then 

[8 X -(aX + b + u), Q] = [(d x M)M-\Q] -[aX + b + u, Q], by ([US]) 

= [-Q,Q}=0. 

Similarly, [d x -(aX + b + u), Q 3 ] = [-Q, Q?] = 0. This proves (3). 

Compare coefficient of A* in [d x — (aX + b + u) , Q] = to get the following 
recursive formula 

d x {Qj,i)x - [b + u,Q jti \ = [a,Qj t i-i]. (2.16) 

Let 

J = aX + b. 

The j-th flow of the splitting (£+,£_) and vacuum sequence {J 3 \ j > 1} 
(defined in section 1) is 

[d x -(J + u), d t] -ir + (MJ 3 M~ 1 )}=0, (2.17) 

where M is the bare wave function of d x — (aX + b + u) . The LHS of the j-th 
flow (|2.17p is a degree j + 1 polynomial in A, so the coefficients of A* with 
< i < j + 1 must be zero. But as a consequence of the recursive formula 
(|2.16p . for 1 < i < j + 1 the coefficient of A*'s in both sides of (|2.17p are 
equal. So (|2.17p holds if and only if the constant term is equal to zero, i.e., 
u satisfies (gTS]) . 

(5) and (6) follow from the fact that MJ^M- 1 = Qi and J n = X n l. □ 
In addition we have 

Proposition 2.17. The following are equivalent: 

(1) u is a solution of the j-th n x n KdV flow (12. 14p . 

(2) dZHI holds for all X, 

' d x E = (aX + b + u)E, 

(3) < d tj E = ir + (M(aX + byM~ l )E, 

E(0,0,A)=I, 

has a unique solution E(x,t,X), (which is called the frame ofu). 

Remark 2.18. Set J = aX + b and Q = MJM~ l as before. 

(1) Since J n = A n I, MJ nk M- 1 = A nfc I, the nk-th nxn KdV flow is 
stationary. 

(2) Because Q n = X n , we have Q nk+3 = X nk Q J . So we can also use two 
indices to label the nxn KdV flows: The (j, A:)-th flow is 

[8 X -(aX + b + u), d tj k - n + (QiX nk )} = 0, 

for 1 < j < n — 1 and k > integer. The (j, k)-th flow written as an 
evolution equation is 

du 

— — = d x (Qj- n k) — [b + U,Qj- n k] = [a,Qj - n k-l] 

with 1 < j < n — 1 and k > 0. 
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Formal inverse scattering 

Since (£+,£_) is a splitting of C and {J \ j > l,j ^ (mod) n} is a 
vacuum sequence, the formal inverse scattering given in section 1 works for 
n x n KdV flows. We describe the construction again here. First note that 
the vacuum frame commutes with J: 

Proposition 2.19. Let J = aX + b, t = (£i, . . . ,tjv)> t\ = x , and V the 

vacuum frame, 

V(t,X) = exp {YJ3J 3 
Then V(t, •) £ L + and WV- 1 = J. 



Given / £ L_, we use the factorization Theorem 12. Ill to construct a local 
solution of the n x n KdV flows: 

Theorem 2.20. Lei i and V(t, A) 6e as in Proposition \2.1(A and f £ L_. 

T/ien i/iere exist an open subset Uq of the origin in R , and unique M(t) £ 
L_ and -E(i) £ L + for all t = (fi, • • ■ ,t^) gUq such that 

Vf- 1 = M- X E. 

Moreover, 

(1) nj = [M_i, a] is a solution of the j-th nxn KdV flow for 1 < j < iV, 
where M_i is i/ie coefficient of A -1 /or M, 

(2) E" is i/te frame for Uf, i.e., 

' (d tl E)E~ l =tt + (MJM- 1 ) = J + u, 
{d tj E)E- 1 =ir + (MJiM- 1 ), 
[£(0,0, A) =1, 

Proof. By Theorem 12.111 there exist an open subset £/o of the origin in M. N 
and unique E(t, A) and M(t, A) such that Vf" 1 = M~ l E and M(i, •) £ L_ 
and £?(t,-) £ L + for all i £ U . Here £7(i,A) = £(t)(A) and M(t, A) = 
M(i)(A). 

Let x = ti. Since E = MVf , we have 

(d x E)E~ 1 = (d x M)M~ 1 + M(aA + b)M~ l . 

But (d x E)E- 1 £ £+ and (d x M)M- 1 £ £_ imply that 

(d x E)E~ 1 = TT + (M{a\ + b)M- 1 ) = a\ + b + u, u= [M_ x ,a]. 

By Proposition 12.13] n = X^^o 1 f° r some smooth functions U{ : M — > C. 
Similarly, (d t] E)E- 1 = -k + (M J'J M^ 1 ). □ 

Corollary 2.21. Given initial condition uq(x), x = t\, and suppose there 
is a bare wave function M for d x — ( J + uq). Set /(A) = M(0, A). T/ten 
i/ie solution Uf constructed in Theorem \2.20\ is a solution of the nxn KdV 
flows with uj(x,0) = uq(x). 
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An equivalent splitting 

The Lie algebra £ is isomorphic to the standard loop algebra 

C(z) = {B(z) =J2 B jZ j I b j e sl(n,C)}. 

j 

In fact, the map $ : £(z) — > £ defined by 

*(S)(A) = ri (A)- 1 S(A n )0 n (A) 

is a Lie algebra isomorphism. So the splitting of £ gives a non-standard 
splitting of £(z). This splitting is by no means obvious. It would be nice to 
generalize this construction for other simple Lie algebras. 
The following Theorem is a consequence of Lemma 12.101 

Theorem 2.22. Let $ : C(z) — > £ denote the isomorphism defined by 

*{A)(\) = cj> n {X)- 1 A{X n )<j )n {X), 
and C±{z) := ^~ 1 (C ± ). Then 

C+(z) = {A(z) =J2 A i zj I A i G sl(n,C)}, 

£_(*) = {A(z) = AjZ j + B(ttj^ + (A^i))}, 
j<-i 

where TTj\f + (£,) is the projection of £ onto j\f+ with respect to sZ(n, C) = 
A/+ + £?_ and : 7V+ — > A/"- is i/ie linear map defined in Lemma \2.10\ (4)- 

Set 

J = e n iz + b. 

Then (£ + (z), £_(z)) is a splitting of £(2) and J = { J J \ j > 1} is a vacuum 
sequence. The n x n KdV flows are for — (J + u) with u = 5^=1 u j^' 

[8 X - (J + u), d t . - ^(MJ'Af- 1 )] = 0, 

where 7r + is the projection of C(z) to £+(2) with respect to £(z) = C+(z) + 
C-(z) and M is the bare wave function of d x — ( J+u), i.e., M(d x — J)M~ l = 
d x — ( J + u). The scattering theory works the same way as in £ 

For example, when n = 2, we have A = e2i and the splitting of C(z) = 
C(sl(n, C)) is 

£+{z) = {A{z) =J2 A i zJ I A i G ^( 2 > c )}> 

L.(z) = {A{z) = y 2 e 21 + E V ' ^ = (j£ -^)>- 

For n = 3, we have A = e2i + (1 + a) 632, and the splitting is 
£+0) = = J2 A i zj I A i G sZ(n,C)}, 
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and C-{z) is the subalgebra of A(z) = Ao + ^Zj^AjZ 3 sucn that 

Aq = ai 3 (e 2 i + e 32 ) + (a 23 (l + a) + )e 3 i, 

1 + a 

where a%j is the ij-th entry of A-\ and a = e~ . 



3. Equivalence of GD-flows and nxn KdV flows 

In this section we show that the phase space of the nxn KdV flows is 
isomorphic to the phase space of the the GD flows. We then show the flows 
correspond under the isomorphism. 

The phase spaces of the nxn KdV flows and the GD flows are respectively 

n— 1 

M = {d x - (aX + b + ^2 Ujk j ) \ uj : R -> C smooth}, 

3=1 

n-1 

^ = {P = d^-{Y J Zjdt 1 ) | & : K - C smooth}, 

where a = diag(l, a, . . . , a n_1 ) and b = ei 2 + e 2 3 + • • • + z n -\,n- It is clear 
that is isomorphic to 

n-1 

■M = {0* - (e n iA n + 6 + O e n,n-j) I & : K -> K smooth}. 

3=1 

We will prove that M. and are isomorphic. We need the following 
simple Lemma: 

Lemma 3.1. For < j < n — 1, the linear map ad(6) : G-(j+i) — > G-j 
is one to one and its image is {£ G G-j \ Tr_j(£) = 0} ; where Tr_j(£) = 

Theorem 3.2. Given D = d x — (a\ + b + X^o 1 £ -M> i/iere exists a 

unique A : M — > iV_ depending on Uj 's such that 

n-1 

5 = A^D^A' 1 = 9 X - (e ni A n + 6 + fc^e^-i) 

i=i 

/or some £1, . . . , £ n -i> D G A4. Conversely, given D = d x — (e n i\ n + 
6+ EI^i 1 £i( x ) e n,n-j) there exists a unique A : R — > iV_ swc/i i/iai 

(f)^ 1 A^ 1 D A(j) n is in M.. In other words, the map ^ : A4 ^ Ai defined by 

*(£>) = A0 n D0~ 1 A _1 

is a bijection. 
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Proof. Note that 

n-1 

4>nD(\)~ x =d x - (emX n + b + Y, ^A*). 

i=i 

So A^ZtyJ^A -1 = ZHf and only if 

n— 1 n— 1 

A(e nl A™ + b + u^A- 1 + (d x A)A~ 1 = e nl X n + b + Y &e n , n _ 4 , 

i=l i=l 

i.e., 

n— 1 n— 1 

A(e nl A™ + b + Y liiA*) + 5 X A = (e nl A n + b + £ &en,n-i)A. 

i=l i=l 

Or equivalently, 

n— 1 n— 1 

[A, b] = Y &n,n-i& ~ Y U i AA ' ~ d - A - ( 3 - 1 ) 
i=l i=l 

Write A = Y!j=l A j witn A o = I and Aj G for all 1 < j < ra - 1. 
Since the right hand side of ([33]) lies in ®]llG-j, [A u b] = 0, so A x = 0. 
Compare Q-j component of (|3.ip for 1 < j < n — 2 to get 

3 3 

[ A j+i' & ] = ^^en.n-jAj.j -^UjAj-iA 1 - ^Aj. (3.2) 
i=i i=i 

Given Uj's, we want to solve Aj and £j by the induction on j. 

Suppose we have solved £i,...,£j_i and Ai,...,Aj. But Tr_j(X) = 
Tr^X). By Lemma 13.11 Tr_j of the RHS of (|3.2p must be zero, which 
implies that 

3-1 j 
& + 2&TM e n,n-A--i) " ^^Tr.^Aj-^ - ^Aj) = 0. 

i=l i=l 

This proves that £j and Aj + i can be computed uniquely from £i, . . . , Cj'-l 
and Ai, . . . , Aj using (|3.2p . 

To prove the converse, we need to solve Uj's and Aj's from given £j's 
from (|3.ip . i.e. (|3.2p . Suppose we have solved A±, . . . , Aj and ui, . . . , itj_i. 
Again Tr_j of the RHS of (|3.2p is zero implies that 

3 j'-i 
^ f i li:_ i (e n , n _ i A i _ i )-Tir_ i (Q e A^)-5] //,Tr ;.V) h/IY = 0. 

i=i i=i 

By Lemma 12.91 (2), Tr—^A^) ^ for 1 < j < n — 1. So we can use the 
induction hypothesis to solve Aj+i and Uj. □ 



THE n x n KDV FLOWS 21 

Theorem 13.21 implies that Ai and Ai are isomorphic. The space Ai is 
clearly isomorphic to ^p. In the rest of the section, we want to prove that 
the GD flows on maps to the n x n KdV flows on At. So the n x n KdV 
flows are the GD-flows via the bijection . 

Let t\ = x, J = a\ + b, and V = exp(^]^ =1 tjji) the vacuum frame for 
j = 1, . . . , N flows in the n x n KdV hierarchy. Let 

JV 

J = e„iA" + b = 0„J0-\ V = ex V C^2tjJ j ). 

i=i 

So 

d tj v = j j v, d tj v = ,Pv. 

For a pseudo-differential operator r = J2j< no T i'^ x ^ we use * ne following 
notation: 

T + = Y1 T i d ^ T - = Y1 T i^» 
i>o j<0 



^2 
<9x ' 



j<no 



It is known (cf. [9]) that given P = <9™ - E"=i^^ 1 G there is 
pseudo-differential operator cr of the form 



3=1 

such that 

P = ady~ l . 
Suppose P flows according to the j-th GD flow, 
r)P 

— = [(P'>)+, P) = [P, (P j/n )-)- (3-3) 

It is standard in the literature (cf. [9]) that if P = o~d x o~ x satisfies (|3.3|) . 
then 

|^-(^-')-. 

Proposition 3.3. Let D £ M, D = V(D) £ Ai as in Theorem\EM P - X n 
the order n operator corresponding to D, a the pseudo differential operator 
such that P = ad™a~ l , and V = expQ^ • x tj J 3 ). Define S(o~) = (Sij(a)) 
by 

s ( a \ = J ' if * < 3> 
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where C^^ m is the binomial coefficient m \^L m y ■ F = S(a)V. Then 
DF = and F is a power series in X n . 

Proof. Let Vi denote the i-th row of V, and Vij the ij-th entry of V. Since 
d x V = (e„,iA n + b)V, we have 

d x Vi = V i+ x, l<i<n-l, 
d x V n = X n V x . 

But &£Vi = X"Vi and P = od^o- 1 imply that 

P(aVi) = X n Vi. 

Here 

P - X n = d n x - ((X n + d) + &d x + • • • + tn-id^ 2 ). 

Let F be the matrix whose first row F\ is uV\ and the i + 1-th row is defined 
by 

Fi+i = d x Fi 

for 1 < % < n — 1. Since (P — A n )Pi = 0, DP = 0. Then the Proposition 
follows from (|3.4p and the formula 

c^cr = o" + ad x . 

For example, 

P 2 = d x h = d x aV x = (a' + ad x )Vi = a'Vy + aV 2 , 
F 3 = d x F 2 = d x a'V x + 8 x aV 2 = a"V x + 2a'V 2 + aV 3 , 

Since d x V = JV and J = e n iX n + b, V is a polynomial in A n . Note that 
both a and S(o~) are independent of A. So P is a power series in A n . □ 

Corollary 3.4. The operator S(a) = (Sij(a)) defined in Proposition \3.3\ is 
determined by the following properties: 

(1) S(cr) is lower triangular, 

(2) Su(o~) = a for all 1 < % < n, 

(3) (S(a)Y — [e n iX n + b, S(o~)] is zero except the n-th row (here the ij-th 
entry of (S(a))' is (Sij(a))'. 

Proposition 3.5. S has the following properties: 

(i) S is linear, 

(ii) S(ar) = S(a)S(r), 

(hi) S(a) = ol + YJj=l jc> where C = YZ=l ke k+i,k- 

Proof. It is clear that S is linear. We use Corollary 13.41 to prove (ii). A 
simple computation implies that T = 5 , (<t)5(t), Tu = or, and 

T> - [J,T] = ((S(a))' - [J,S(a)])S(r) + 5(<r)((5(r)' - [J,5(r)]). 
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But T is lower triangular, S(a))' — [J, S(a)] and S(r)' — [J, S(r)] are zero 
except the n-th row. So T'—[J, T] is zero except the n-th row too. By Corol- 
lary [331 T must be equal to S(ar). Statement (iii) follows from Proposition 

□ 



Corollary 3.6. 



Recall that for a pseudo-differential operator T = Ylj<no Tj&xi 

j>0 j<0 

If P = ad n a~ 1 satisfies the j-th GD flow, then 



By Corollary 



We need the following Lemmas: 

Lemma 3.7. Let T be a pseudo-differential operator, and F = S(a)V as 
in Proposition \3.3\ L(z), and L±(z), C{z) and C±(z) as in Theorem \2.22l 
Let L denote the group of power series in X n , i.e., L = (frnLcf)^ 1 . Let L± = 
(f) n L±(f)~ 1 , and C and C± the corresponding Lie algebras. Then 

^((T^Sia^F- 1 ) = k-(T{S{<j)V)F- 1 ), (3.5) 

where tt± is the projection of C onto C± . 

Proof. Let E denote the solution of 

DE = 0, E(0,X)=I. 

Then E(t, •) G C + , and hence (T+E)^- 1 G £+. Since DF = 0, there exists / 
independent of all t/s such that F = Ef. So (T + F)F~ l = (T+E)^- 1 G £+. 
But 

((T„(F))F~ l )„ = ({T(F))F- 1 - (T + (F))F- 1 )_. 
(Here we use £± to denote 7r±(£) for £ G C). We have shown that the second 
term is in C+. Thus (13.51) is true. □ 



Lemma 3.8. Let D,D,a,P = ad^ 1 , F = S(a)V as in Proposition \3.3\ 
and L, L±, C,C± as in Lemma \3~7\ Set Q = FV . Factor Q = fj + M 
with fj + G L + and M G L_. If P is a solution of the j-th GD flow, i.e., 



Jg^-i = -(ad^a- 1 )-, then 



&M M~ l = -n^MJM- 1 ). (3.6) 
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Proof. We use £± to denote 7f±(£). Use St-F = J^V and the product rule 
to get 

^(T 1 = (S{^-a- l )S{a)V + S^i^F" 1 - (S^^t/- 1 ^^- 1 

Otj Otj 

= + (S(a)^V)F- 1 - QJ j Q-\ 

By Corollary 13.61 

So 

(^Q)Q -1 = ({S{a)fiV)F- 1 )+ - QJ j Q' 1 . 

But 

{d tj M)M- 1 = -f}^d tj fj+ + fj+ 1 (d tj Q)Q~ 1 fj+ 
lies in £_ (a power series in A n ). Then 

This proves (j3.6j) . □ 



Theorem 3.9. Suppose J£ = -(<r#o- -1 )_. Let F = expQ^ F = 

S(a)V, Q = FV' 1 . Factor Q = fj+M with fj + £ C + and Met-. Let 
M = <\>- l M(\) n , and E = MV . Then 

(1) 

f f^M" 1 = -^(MJJ'M- 1 ), 

\^E- l = -K + {Mjm- 1 ), 

where ir± is the projection of C onto C±, 

(2) §f = J + u, where u = YJjZx UjA j , 

(3) u satisfies the j-th n x n KdV flow. 

Proof. Since M = 4>~ l M(j) n and 4> n is independent of t, we have 

^M" 1 = -{MjiM- l )_. 

Otj 

But E = MV, so we get 

8E^ = dM_ M -i MJ j M -i = r MJ i M -i\ 
dtj dtj y ,+ 

Since E satisfies the n x n KdV reality condition, {d x E)E~ l = J + u 
also satisfies then x n KdV reality condition. But J satisfies the n x n KdV 
reality condition, so u satisfies too. By Proposition 12.131 u is of the form 
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Y^=i ■ The rest of the Theorem follows from the way we define the 
n x n KdV flows. □ 



4. Tau FUNCTIONS 

We review G. Wilson's construction of r functions for the C/-AKNS flows 
given in [10], compute d^d^ lnr in terms of Q = Ad,JM~ l , and prove that 
the second partial derivatives of In r give rise to solutions of the n x n KdV 
flows. 

Let L be a Lie group, C its Lie algebra, L + , L_ subgroups of L, and £+, £_ 
the corresponding Lie subalgebras. Assume that (£+,£_) is a splitting of 
C. Suppose w is a 2-cocycle of C, i.e., w is a skew-symmetric bilinear form 
on C that satisfies the following condition: 

6] , &) + «;([&, 6] , £i) + &] , 6) = 

for all £j 6 £. Then 

£ = £ + Cc 
is the central extension of C with bracket 

[f + rc, 77] i = + w(£,r?)c 

for £, 5 G £ and r € C. We still use w to denote the left invariant 2-forms 
defined by w. We choose the 2-cocyle w such that the left invariant form 
is in the integral cohomology class H*(L, 2-7rzZ). The central extension L of 
the group L is a principal C*-bundle over L whose Chern class is w (cf. [6]). 
The central extension L is the group of equivalence classes of triples 

{(g,-y,z) I 5 G L, 7 : [0, 1] - L such that 7 (0) = e, 7 (l) = g,z G C\{0}}/ ~ . 

Here (51,71,21) ~ (52,72,^2) if g\ = 52 and 

z 2 = z\ exp / iu , 

\^(7l,72) / 

where ^(71, 72) is a surface bounded by 71*1(72) (the closed path 71 followed 
by I{l2) and 7( 7 )(s) = 7(1 — s)). Let [(5, 7, z)] denote the equivalence class 
of (5,7,2:). The multiplication is given by 

[(31,71^1)] • [(52,72,22)] = [(5152,71 * (gii2),ziz 2 )]. 

The projection ir : L — > L, ^([(5,7,2:)]) = 5, is a principal C*-bundle with 
first Chern class w. 

Let i± : L± — > L denote the inclusion maps. Assume that 

i±w = 0. 

Then ir \ L± is trivial. In fact, there is a natural section S : L + U L_ — > L 
defined by S{g±) = [(5±,7±, 1)], where y± can be chosen to be any path in 
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L± joining e to 7±. Since i±w = 0, this section is independent of the choice 
of path 7-t as long as it lies in L±. Note that 

S(9i92) = S( gi )S(g 2 ) 

if both <7i, <72 he in L + or both lie in L_. 

The fi function on the big cell O = (L + L _) n (L_L+) 

Given g <E O, there exist unique f±,g± € L± such that 

5 = = gZ 1 g+. 
Dince and S{gZ 1 )S(g+) lie in the same fiber of the principal 

C*-bundle L over L, they differ by a scalar, which we call n(g). It follows 
that n(g) is defined by the following identity: 

S(U)S(fI 1 )= f i(g)S(gZ 1 )S(g + ). 

To compute fi(f), we first factor / = f+fZ 1 = gZ 1 g+ with f±,g± € L±. 
Let 7-t be a path joining e to f± in L±, and 7± a path in L± joining e to 
<7±. Then ,[/(/) is given by the integral 

= ex P( / 

where is the surface bounded by the curves 7+*(/+7Z 1 ) and 7Z 1 *((?Z 1 7+). 
Tau function 

Assume that J = {Ji \ j > 1} is a vacuum sequence in £ + . Given 
/ € L_, the tau function is a function of t = (t±, . . . , t^): 

r f (t) = MF(t)/: 1 ), 

where V(t) = exp(Y^f=i J j tj) is the 

vacuum frame for the flows generated 
by J, J 2 , ... , J N . In other words, given / in the big cell, to compute Tf(t), 
we first factor F(t)/ -1 = M(t) -1 .E(i) with M(t) G L_ and E(t) G L+. Here 
V(t) is the vacuum frame. Let 7+(t, •) be a path in L + joining e to V(t), 
7_ a path in L_ joining e to /, g+(t, ■) a path in L joining e to E(t), and 
7_(t, •) a path in L_ joining e to M{t). Then rj(t) is given by integrating 
the 2-form w over a surface bounded by the following two curves 

7+ (t, •) * (V(t) * 7I 1 ), 7-(«, 0" 1 * (M _1 (t)7 + (t, •))• 

Although fi and T/(t) are not in general computable, the variation of \x and 
Tf are integrals. In fact, given a curve /(e) in the big cell of L, use the 
formulas for /j,(f(e)) and Tf^(t) given above, we can get nice formulas for 
the variations ^/u(/(e)). We carry out these computations in the next two 
Theorems. 

Theorem 4.1. Let w be the integral 2-cocycle, B the unit disk in M 2 , and 
h : (— r, r) x B — > L a smooth map. Set h e = h(e, • • •)■ Then 

^- f h*w = f w(h~ 1 d t h,h~ 1 d s h)ds. 
« e Jb JdB 
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Proof. Let (x,y) denote coordinates of B, X = h~ l d x h, Y = h~ 1 d y h, and 
Z = h~ l d e h. Then 



So 

d 



h*w= / w(X,r)ctedy. 

B JB 

[ h*w= [ w(d t X,Y) + w(X,d t Y)dxdy. 

JB JB 



de 

The formula follows from 

(1) w is a 2-cocyle, 

(2) d x Y = d y X + [Y, X], d x Z = d e X + [Z, X] and d y Z = d e Y + [Z, Y], 

(3) the Stokes' Theorem. 

□ 

Next we compute the derivatives of lnr for the n x n KdV flows. Given 
C,rj £ C(sl(n,C)), define 

(Z,ri) = Res(Tr(^)) = the coefficient of A" 1 of Tr(£(A)??(A)). 

It is known (cf. [4]) that 

u>(Z,ri) = {d\ti,v) = Res(Tr((a A e)??)) 
is a 2-cocycle on £(s/(n,C)). It follows from the definition that w vanishes 
on jC±(sl(n, C)). 

Theorem 4.2. Let V(t) be a path in L + , /_ G L_, and 

V{t)fZ l = M(t) _1 .E(t), with M{t) G L-,E(t) G L+. 

Then 

j-hx^VifyfZ 1 ) = (V^dtVJ-'dxf) - ((d t M)M-\(d x E)E~ 1 ) (4.1) 
dt 

= {{d t V)V~\M- l d x M). (4.2) 

Proof. Let p(s) be a path in L_ that joining e to /_, and s) a path in 
L + joining e to E(t) for each t. By Theorem 14. 1\ 

^ ln^y^/r 1 ) = | w^St, 7~Ss) ds ~ j h w (h~ l ht, h~ l h s ) ds, 

where j(t,s) = V{t)p(s) and /i(t,s) = M(t)- x E{t, s). 
Equation (|4.ip can be obtained by using the following: 

(1) {C + ,C+)_ = 0, 

(2) p 1 (p s p x ) x p = (p 1 p\)s- 

(I4T21) is obtained by using E = MV ' f~ x and (£+,£+) =0. □ 



Theorem 4.3. Suppose (£+,£_) is a splitting of C, J = a\ + b, and J = 

{J 3 | J ' > 1} is the vacuum sequence in C + that gives the n x n KdV flows. 
Let V(t) = exp(^ i=1 tj J J ) be the vacuum frame, and fix /_ G L_. Factor 
V{t)fZ l = M- x (t)E(t) withM{t) G L_ andE{t) G L+. Seir(i) = r/_(t) = 
^(^(t)/! 1 ). T/ten 
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(1) i- lnr= (ji,M- x dxM), 

( 2 ) d$Hl^T=(M,PM-\a). 

Proof. Since V~ l d tj V = J j , (1) follows from (l42l . 

Recall that we have {d tl M)M~ l = -(MJM" 1 )_ and (MJM" 1 )+ = 
J + u. By (1), we have 

d tl d t Anr=(J\d h (M~ 1 d x M)) 

= (MJ j M" 1 , Md tl (M- 1 d x M)M- 1 } = (MJ j M- 1 ,d x ((d tl M)M~- 1 )} 
= (MJ j M- 1 ,dx(-(MJM~ 1 )-), since {MJ^M~ 1 ),d\(MJM~ 1 ) = 0, 
= (MJ j M- 1 ,d x {MJhr 1 - (MJM^)_)) 
= {MJ j M~ l ,dx(J + u)) = (MJ j M-\a). 

□ 

We want to prove that we can solve the solution Uf_ constructed from 
/_ in the inverse scattering from d^. tl hiTf_. To do this, we need more 
properties of Qj/s. 

First we define weights for element in the loop algebra to make the com- 
putation of coefficients of A* in Q = MJM -1 easier to follow: 

v(X) = 1, v{e-ij) = j — i, v{v,k) = k + 1, v{d % x Uk) = i + k + 1 

and require that ^(£77) = z/(£) + 1/(77). Set 

J = aX + b, 

Q = MJM~ l = a\ + Q + Q-iX' 1 + ■■■ + Q-jX~ j + • • • , 

where Qo = b + u. Since [d x — (aX + b + u), Q] = 0, the Q/s satisfy the 
following recursive formula 

MQ-j) ~ [b + UiQ-j] = [a,Q_ u+1) ]. (4.3) 

Theorem 4.4. Let Q-j denote the coefficient o/A _J inQ = M{aX+b)M~ l . 
Then 

(1) v(Q^)=j + l, 

(2) for j > 1, the entries of Q-j are polynomial differential operators in 
u without constant terms, 

(3) Q J is a matrix of polynomial differential operators in u and has 
weight j . 

Proof. We prove (1) and (2) by induction. The weight of u = Y^i=\ n «A* is 
1. So v(Qq) = 1. Suppose v{Q- m ) = m + 1 and is a polynomial differential 
operator of u for all m < Let sZ (n,C) = {x = (xij) \ xu = foralll < 
% < n}. Note that ad(a) maps sZ^(n,C) bijectively onto itself. Write Q-j = 
Q^Zj + T_j, where T_j is diagonal and Q_ € sZ (n, C). It follows from the 
recursive formula (|4.3j) . the induction hypothesis, and the fact that ad(a) is 
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an isomorphism on sl^~{n, C) that (Q-j) 1 - has weight j + 1. To prove the 
diagonal term T—j of Q_j has weight j + 1, we compare coefficient of A fc ~ J 
of 

Tr(Q fc+1 ) = Tr((aA + 6) fc+1 ) 

to get 

fc-l 

(k + l)Tr(a fc Q_,) + £ Tr(P mjl ,... Jr ) = 0, (4.4) 

m=0 

where P m ,ji,...,j r 1S the sum of products of m of a's and Q-j x , ■ ■ ■ , Q-j r (in 
any order) such that 

r 

m — ji = k — j, m + r = + 1 . 

i=l 

Use v(f\f2) = K/i) + K/2) and the induction hypothesis to show that the 
weight of P m j 1 ,...j r is j + 1: 

r r 

+ 1) = r + ^ ^ = m + j - A; + r = j + 1. 
i=l i=l 
Equation (|4,4p is a linear system of diagonal entries of Qj. This shows 
that the diagonal entries of Q-j also has weight j + 1 and are polynomial 
differential operators in Uj's. 

To show that Q-j has no constant term as differential operator in u, we 
only need to check it is true for Q-\ (then the above induction gives the 
rest). The recursive formula (|4.3p implies that 

d x (Qo) = [a,Q-i] = d x u. 
So Q^i = ad(a) _1 (3 x u). The diagonal term T-\ can be computed from 

Q n = (a\ + Q + Q-1X- 1 + •••)" = A n L 
Equate the coefficient of A™~ 2 of the above equation to get 

n-l 

jQ-xa? 1 - 1 - 1 + a i Q a j Q a k = 0. 

i=0 i+j+k=n-2 

Take the diagonal component of the above equation to get 

na^T-x + m tfba? ka k + a i Aa j ba k = 0. 

i+j+k=n— 2 

This shows that T—\ is linear in u and has no constant term. 

Since v(Q-j\~ j ) = v{Q-j) + = 1, v(Q) = 1. Then i/(QJ) = j. □ 

Lemma 4.5. Write Q-j = Q^: + T-j, where T-j is diagonal and the diag- 
onal entries of Q_j are zero. For j > 1, let Q_ - denote the linear terms in 
u and u x of the lower triangular part of Q-j, and T_j the linear terms in u 
of T-j . Then 
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(1) Qtj = (-ly-'^ld.uiiA-'By^A-^), 

(2) Tr= Uj (BA-y^), 
where A = ad(a) and B = ad(6). 

Proof. We have shown in the proof of Theorem 14.41 that = A~ 1 (u x ). To 
compute Tij, we use the recursive formula d x Q-± — [b + u, Q-i] = [a, Q-2\- 
The diagonal terms must be zero and we only need information on the terms 
linear in u imply that 

d x T^-[b, (d x u 1 ) a d(ar 1 (A)} = 0. 

So d x Ti. x = (dxUxjBA- 1 ^). But by Theorem [OJ T-i has no constant 
term. Thus T_ 1 = u\BA~ l (K). This proves the Lemma is true for j = 1. 
Suppose the Lemma is true for j. Since we only need to keep track of the 
terms in Q~^^ +1 ^ that are linear in u and u x , the recursive formula implies 
that 

[a,Qi u+1) ] = -([b, Qi^. 

(This is because d x {Q e _j) involves derivatives of u at least order 2 if j > 1). 
Then formula for Q_(j +1 \ follows. The recursive formula also implies that 

d x (T_ ij+1) )-[b,Q e _ {j+1) ]o = 0, 

where £o is the diagonal term of £. Thus 

d x {T_ {j+1) ) = {d xUj ){BA- l y{V). 

By Theorem 14.41 T_( J+1 ) has no constant term, so the integration constant 
is zero and we get the formula for T_( J+1 ). □ 

Theorem 4.6. For the n x n KdV flows, 

d tl d tj lnr = fyuj + Pj(ui, . . . 

where (3j = Tr^A 3 ) = Tr_j(A J ) ^ and pj is a polynomial differential 
operator in u%, . . . , Uj-\. 

Proof. By Theorem|43l d tl d tj lnr = (Q j ,a) = Res(Tr(Q-?a)), the coefficient 
of A -1 of Tr(Q k a). So dt x &t lnr is the constant term of Th:{a\Q 3 ), which 
has weight j + 1. Since Ui has weight i + 1 and entries of Q 3 are polynomial 
differential operators in u, 

Res(Tr(aQ j )) = PjUj +pj(ui, . . . , itj-i) 

for some polynomial differential operators pj of ui,... ,Uj—i. It remains to 
compute Pj. But the coefficient of A -1 of Tr (aQ 3 ) is equal to 

jTi(a(a J ' 1 Q^ j )) + ^ Tr ( oJt m ) «j 1 ,..j r )i 
m,3i,—dr 
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where P m ,s,j 1 ,...,j r is the products of m of o, s of Qq, and Q-j 1 , • • • , Q-> (of 
arbitrary order) such that 

r 

m — ji = — 1) ji > 1, m + r + s = fc, < m < j — 2. 
i=l 

We only need to keep track of the linear terms. If r > 2, then by Theorem 
14.41 Tr(Prp aj 1 j T ) is not linear. If r = 1, then -P m ,s,ji has to be Pj_ s _i jS j_ s . 
The only linear term in Tr(Pj_ s _i !S j- s ) is Tr(a J_s_1 6 ,s (5^^_ s - ) ), which has 
derivative. There is no P's with r = 0. This shows that the only term that 
will contribute linear term in Uj must come from Tr(a J 'Q-j). 

Since Ti{a 3 Q-j) has weight j + 1, it is equal to cuj plus a polynomial 
differential operator in u%, . . . ,Uj-\ for some constant c. To determine the 
constant c, we compare the constant coefficient of Tr(Q J+1 ) = Tr((aA+6) jf+1 ) 
to get 

(j + l)Tr(^Q_,) + ^Tr(P m , SJ1 ,... Jr ) = 0, 
where Pm,s,ji,...,j r i s as before but its indices satisfy 

r 

m + s + r = j + 1, m - ji = 0, # > 1. 

i=l 

If r > 1, then we have shown above that Tr(P m s ^ ... Jr ) contains derivatives 
of u. So it does not contribute to the linear term cuj. If r = 0, then P miS 
must be Qq +1 - But 

Tr(Qo +1 ) = Tr((6 + uy +l ) = jTt{lPu) + nonlinear terms. 
But Tr (Vu) = Uj Tr (V \?). □ 
By Lemma EM = Tr(A^) / 0. So 

Corollary 4.7. Given f € L_, Zei ti/ denote the solution constructed 
from the formal inverse scattering. Then we can write uj in terms of 
{d tl d tj lnr/_ | 1 < j < n- 1}. 
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